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Abstract This paper deals with the determination of temperature distribution and thermal deﬂection
function of a thin circular plate with the stated conditions. The transient heat conduction equation
is solved by using Marchi-Zgrablich transform and Laplace transform simultaneously and the results
of temperature distribution and thermal deﬂection function are obtained in terms of inﬁnite series
of Bessel function and it is solved for special case by using Mathcad 2007 software and represented
graphically by using Microsoft excel 2007. c© 2012 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1202104]
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During the second half of the twentieth century,
non-isothermal problems of the theory of elasticity be-
came increasingly important. This is mainly due to
their many applications in diverse ﬁelds. First, the high
velocity of modern aircraft gives rise to aerodynamic
heating, which produces intense thermal stresses, re-
duces the strength of aircrafts structure. Second, in
the nuclear ﬁeld, the extremely high temperature and
temperature gradients, originating inside of the nuclear
reactor, inﬂuence their design and operation.
Nowacki1 has determined steady-state thermal
stresses in a circular plate subjected to an axisymmet-
ric temperature distribution on the upper face with
zero temperature on the lower face and the circular
edge. Grysa and Koalowski2 studied one-dimensional
transient thermoelastic problems and derived the heat-
ing temperature. Recently Deshmukh et al.3,4 investi-
gated inverse heat conduction problems of semi-inﬁnite,
clamped thin circular plate and their thermal deﬂection
by quasi-static approach. Navalekar and Khobragade5
studied deﬂection of transient thermoelastic problem of
a thin circular plate. Tikhe and Deshmukh6 introduced
inverse problem of a thin circular plate and its thermal
deﬂection.
In this work, we reconstruct the problem of Tikhe
and Deshmukh6 which consists of a given temperature
distribution on the interior surface of thin circular plate.
The temperature distribution and quasi-static thermal
deﬂection distribution are discussed. The transient heat
conduction equation is solved by using Marchi-Zgrablich
and Laplace transform simultaneously and the results
for temperature and thermal deﬂection distributions are
obtained in terms of inﬁnite series of Bessel function
and it is solved for special case by using Mathcad 2007
software and shown graphically by using Microsoft (MS)
excel 2007.
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Consider a thin circular plate of thickness h occu-
pying the space D : 0 ≤ r ≤ a, 0 ≤ z ≤ h. The plate
is subjected to arbitrary known temperature f(r, t) on
lower surface and g(r, t) on upper surface z = h and
outer curved surface is maintained at zero tempera-
ture. Under these more realistic prescribed conditions,
the unknown quasi-static thermal deﬂection is required
to be determined. The diﬀerential equation satisfying
the deﬂection function as in Deshmukh and Warbhe3 is
given as
∇4w = −∇
2MT
D(1− ν) , (1)
where MT is the thermal moment of the plate deﬁned
as
MT = αE
∫ h
0
zT (r, z, t)dz, (2)
D is the ﬂexural rigidity of the plate denoted as
D =
Eh3
12(1− ν2) , (3)
α, E and ν are the coeﬃcients of the linear thermal
expansion, the Young’s modulus and Poisson’s ratio of
the plate material, respectively. And the operator ∇2
is deﬁned as
∇2 = ∂
2
∂r2
+
1
r
∂
∂r
. (4)
Since the edge of the circular plate is ﬁxed and
clamped
w =
∂w
∂r
= 0, at r = a, (5)
w = 0, at t = 0. (6)
The temperature of the circular plate satisfying the
heat conduction equationas in Noda et al.7 is
∂2T
∂r2
+
1
r
∂T
∂r
+
∂2T
∂z2
=
1
k
∂T
∂t
,
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in 0 ≤ r ≤ a, 0 ≤ z ≤ h, t > 0, (7)
subjected to the initial condition
T (r, z, t) = 0 at t = 0, 0 ≤ r ≤ a, 0 ≤ z ≤ h, (8)
and the boundary conditions
[
T (r, z, t) + k1
∂T (r, z, t)
∂r
]
r=0
= 0,
0 ≤ z ≤ h, t ≥ 0, (9)
[
T (r, z, t) + k2
∂T (r, z, t)
∂r
]
r= a
= 0,
0 ≤ z ≤ h, t ≥ 0, (10)
[
T (r, z, t) +
∂T (r, z, t)
∂z
]
z=0
= f(r, t),
0 ≤ r ≤ a, t ≥ 0, (11)
[
T (r, z, t) +
∂T (r, z, t)
∂z
]
z=h
= g(r, t),
0 ≤ r ≤ a, t ≥ 0, (12)
where k is the thermal diﬀusivity of the material of the
circular plate, k1 and k2 are radiation constants on the
curved surfaces of the plate. Equations (1)–(12) con-
stitute the mathematical formulation of the transient
thermoelastic deﬂection problem of circular plate.
Applying ﬁrst ﬁnite Marchi-Zgrablich transform as
deﬁned in Ref. 8 to Eqs. (7), (8), (11), (12) and using
Eqs. (9), (10), one obtains
d2T (n , z, t)
dz2
− μ2nT (n , z, t) =
1
k
dT (n , z, t)
dt
, (13)
T (n , z, 0) = 0, (14)
[
T (n, z, t) +
dT (n, z, t)
dz
]
z=0
= f(n, t), (15)
[
T (n, z, t) +
dT (n, z, t)
dz
]
z=h
= g(n, t), (16)
where T is the Marchi-Zgrablich transform of T , and n
is the Marchi-Zgrablich transform parameter. Applying
Laplace transform deﬁned in Ref. 9 to Eqs. (13), (15),
(16) and using Eq. (14), one obtains
d2T
∗
(n, z, s)
dz2
− q2T ∗(n , z, s) = 0, (17)
where
q2 = μ2n +
s
k
, (18)
[
T
∗
(n, z, s) +
dT
∗
(n, z, s)
dz
]
z=0
= f
∗
(n, s), (19)
[
T
∗
(n, z, s) +
dT
∗
(n, z, s)
dz
]
z=h
= g∗(n, s), (20)
where T
∗
is the Laplace transform of T and s is the
Laplace transform parameter.
Equation (17) is a second order diﬀerential equa-
tion, whose solution is given by
T
∗
(n , z, s) = Aeqz +Be−qz, (21)
where A and B are constants.
Substituting Eqs. (19) and (20) into Eq. (21), we
obtain the values of A and B. Substituting these values
into Eq. (21) once, taking inversion of Laplace transform
and ﬁnite Marchi-Zgrablich transform once, we obtain
the temperature distribution as
T (r, z, t) = −2k
π
∞∑
n=1
1
Cn
{ ∞∑
m=1
1
m
sin
(mπz
h
)∫ t
0
f(n, t′) exp
[
−k
(
μ2n +
m2π2
h2
)
(t− t′)
]
dt′
}
S0(k1, k2, μnr) +
2k
π
∞∑
n=1
1
Cn
{ ∞∑
m=1
(−1)m
m
sin
(mπz
h
)∫ t
0
g(n, t′) exp
[
−k
(
μ2n +
m2π2
h2
)
(t− t′)
]
dt′
}
S0(k1, k2, μnr), (22)
where Cn = (a
2/2)[S20(k1, k2, μna) − S−1(k1, k2, μna)S1(k1, k2, μna)] and S0(k1, k2, μnr) = J0(μnr)[G0(k1, 0)
+G0(k2, μna)]−G0(μnr) [J0(k1, 0) + J0(k2, μna)] .
Using Eq. (22) in Eq. (2), we obtain
MT =
2αEkh2
π2
∞∑
n=1
1
Cn
{ ∞∑
m=1
(−1)m
m2
∫ t
0
f(n, t′) exp
[
−k
(
μ2n +
m2π2
h2
)
(t− t′)
]
dt′
}
S0(k1, k2, μnr)−
2αEkh2
π2
∞∑
n=1
1
Cn
{ ∞∑
m=1
1
m2
∫ t
0
g(n, t′) exp
[
−k
(
μ2n +
m2π2
h2
)
(t− t′)
]
dt′
}
S0(k1, k2, μnr). (23)
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Assuming the solution of Eq. (1) satisfying Eq. (5)
as
w(r, t) =
∞∑
n=1
An(t) [J0(μnr)− J0(μna)]. (24)
Using Eqs. (23), (24) in Eq. (1) and the results of
(
d2
dr2
+
1
r
d
dr
)
S0(k1, k2, μnr) =
−μ2nS0(k1, k2, μnr),(
d2
dr2
+
1
r
d
dr
)
J0(μnr) = −μ2nJ0(μnr),
we obtain the expression for An(t) as
An(t) =
2αEkh2
D(1− ν)π2
S0(k1, k2, μnr)
Cnμ2nJ0(μnr)
〈 ∞∑
m=1
{
(−1)m
m2
∫ t
0
f(n, t′) exp
[
−k
(
μ2n +
m2π2
n2
)
(t− t′)
]
dt′ −
1
m2
∫ t
0
g(n, t′) exp
[
−k
(
μ2n +
m2π2
n2
)
(t− t′)
]
dt′
}〉
. (25)
Substituting Eq. (25) into Eq. (24), one obtains the expression for thermal deﬂection function as
w(r, t) =
2αEkh2
D(1− ν)π2
∞∑
n=1
[J0(μnr)− J0(μna)]S0(k1, k2, μnr)
Cnμ2nJ0(μnr)
〈 ∞∑
m=1
{
(−1)m
m2
∫ t
0
f(n, t′) ·
exp
[
−k
(
μ2n +
m2π2
n2
)
(t− t′)
]
dt′ − 1
m2
∫ t
0
g(n, t′) exp
[
−k
(
μ2n +
m2π2
n2
)
(t− t′)
]
dt′
}〉
. (26)
Fig. 1. Temperature distribution in circular plate.
For formulation of special case and examination of
the numerical calculation of analytical behavior of a cir-
cular plate, we consider the following functions and pa-
rameters
f(r, t) = (1− e−t)δ(r),
g(r, t) = (1− e−t)δ(r)eh,
A =
4k
π
, B =
4αEkh2
D(1− ν)π2 ,
a = 1 m, h = 0.2 m,
t = 1, 2 s.
The numerical calculation has been carried out with
the help of computational mathematical software Math-
cad 2007, the graphs are depicted by using MS excel
2007.
Figure 1 ensures that the temperature raises in the
central part along the radial direction due to the initial
Fig. 2. Deﬂection distribution in circular plate.
given temperature on upper and lower surface of the
circular plate.
Figure 2 shows that the deﬂection distribution de-
velops in the circular plate due to temperature raise and
it varies as the temperature varies.
Tikhe and Deshmukh6 investigated the inverse heat
conduction problem which determines the unknown
temperature distribution on outer surface of a thin cir-
cular plate. While we construct this problem to di-
rect transient thermoelastic problem to determine the
temperature and quasi-static thermal deﬂection due to
temperature variation in a circular plate. As a special
case and numerical results, the functions and param-
eters are considered, the temperature distribution and
quasi-static thermal deﬂection distribution are deter-
mined by using Mathcad 2007 software and presented
graphically by using MS excel 2007. This type of prob-
lems has many applications in engineering ﬁeld such as
main shaft of a lathe machine and aircraft structure.
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The results obtained here are mainly useful in the de-
termination of state of strain in a circular plate.
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